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Elliptic Curves

An elliptic curve is a smooth curve defined by the equation

E:y>?=x3+ax’+bx+c
for a,b,c € Z.
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Elipite An elliptic curve is a smooth curve defined by the equation
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Elliptic Curves . . .
reme b Geometrically, elliptic curves take one of two forms:
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Group Structure

@ We will focus on E(Q). We can also define a homomorphism
E(Q) — E(Fp) by reducing each point mod p.
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Group Structure

@ We will focus on E(Q). We can also define a homomorphism
E(Q) — E(Fp) by reducing each point mod p.

@ We can make E(Q) into an abelian group!
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Group Structure

@ We will focus on E(Q). We can also define a homomorphism
E(Q) — E(Fp) by reducing each point mod p.

@ We can make E(Q) into an

@ To do so, we add points as

abelian group!

follows:
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Group Structure (cont'd)

@ We call the identity the point at infinity, which we write as
(0:1:0), or simply O.
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Group Structure (cont'd)
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ol (0:1:0), or simply O.
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@ This identity satisfies the desired conditions.
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Numbers

1 R 2 3 4
Order Q / P
Universality
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Recurrence S 2
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A

Q
P+Q+R=0 P+Q+Q=0 P+Q+0=0 P+P+0=0



@ What happens when we add P = (x, y) to itself?
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Duplication Formula

e What happens when we add P = (x,y) to itself?

@ Geometrically, we take the tangent line of P.

6
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Duplication Formula

e What happens when we add P = (x,y) to itself?
@ Geometrically, we take the tangent line of P.

@ Algebraically, we use the duplication formula

x4 —2bx? — 8cx + b? — dac
4(x3 4 ax® + bx + ¢)

X(2P) =

)

6
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Duplication Formula

e What happens when we add P = (x,y) to itself?
@ Geometrically, we take the tangent line of P.

@ Algebraically, we use the duplication formula

x4 —2bx? — 8cx + b? — dac
4(x3 4 ax® + bx + ¢)

X(2P) =

)

where X(2P) is the x-coordinate of 2P and a, b and ¢ are the
coefficients of E : y? = x3 + ax® + bx + c.
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Duplication Formula (cont'd)

m n

@ We can express any P € E(Q) as P = (7’ =3
e’ e

for m, n, e € Z with ged(m, e) = ged(n, e) = 1.

)
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Duplication Formula (cont'd)
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Walsh for m, n, e € Z with gcd(m, e) = ged(n, e) = 1.

Elliptic Curves

Fermat Numbers @ This allows us to express X(2P) in terms of m, n and e:

Elliptic Fermat
Numbers
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Universality X(2P) — s .
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Duplication Formula (cont'd)

@ We can express any P € E(Q) as P = (%7 %)
e’ e

for m, n, e € Z with ged(m, e) = ged(n, e) = 1.

@ This allows us to express X(2P) in terms of m, n and e:

m* — 2bm?e* — 8cme® + b?e® — 4ace®

X(2P) = 4n2e?

A
e For simplicity, we write X(2P) = B



Elliptic
Fermat
Numbers

Binegar,
Dominick,
Kenney,
Walsh

Elliptic Curves
Fermat Numbers

Elliptic Fermat
Numbers

Order
Universality

Coprimality
Recurrence
Primality

Singular Points

@ Recall that an elliptic curve is smooth, which means each
point has a well-defined tangent line.
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Singular Points

@ Recall that an elliptic curve is smooth, which means each
point has a well-defined tangent line.

o E(Q) must be smooth. However, reducing a certain
P € E(Q) mod p might yield a point whose tangent line
is not well-defined!
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Singular Points

@ Recall that an elliptic curve is smooth, which means each
point has a well-defined tangent line.

o E(Q) must be smooth. However, reducing a certain
P € E(Q) mod p might yield a point whose tangent line
is not well-defined!

@ We call such points singular points.
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Fermat numbers are integers of the form

Fo=2%+1
kGZZo
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Fermat Numbers

Fermat numbers are integers of the form

Fe=2"+1
kEZzo

whose notable properties include:
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Fermat Numbers

Fermat numbers are integers of the form

Fe=2"+1
kEZzo

whose notable properties include:

@ Order universality
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Fermat Numbers

Fermat numbers are integers of the form

Fe=2"+1
kEZzo

whose notable properties include:

@ Order universality

o Coprimality
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Fermat Numbers

Fermat numbers are integers of the form

Fe=2"+1
kEZzo

whose notable properties include:

@ Order universality
o Coprimality

@ Recurrence
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Fermat Numbers

Fermat numbers are integers of the form

Fe=2"+1
kEZzo

whose notable properties include:
@ Order universality
o Coprimality
@ Recurrence

o Primality
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Fermat Numbers

Fermat numbers are integers of the form

Fe=2"+1
kEZzo

whose notable properties include:
@ Order universality
o Coprimality
@ Recurrence

e Primality (or lack thereof)
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Definition of Elliptic Fermat Numbers

@ Recall that all P € E(Q) can be expressed as P = (

m n
e2’ @3

).
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@ Denote 2kP = (ﬂ ﬂ) for each k.
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Definition of Elliptic Fermat Numbers
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=i @ Recall that all P € E(Q) can be expressed as P = (?, g)'
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@ Denote 2KP = (%,%) for each k.
k k

Jlene funes @ For a curve E and a point P of infinite order, we define the kth

s s elliptic Fermat number as follows:

Order
Universality

Copi

Recurrence

Primality

10/31



Elliptic
Fermat
Numbers

Binegar,
Dominick,
Kenney,
Walsh

Elliptic Curves
Fermat Numbers

Elliptic Fermat
Numbers

Order
Universality

Coprimality
Recurrence
Primality

Definition of Elliptic Fermat Numbers

@ Recall that all P € E(Q) can be expressed as P = (

@ Denote 2Kp = (%,%) for each k.
k k

m n
e2’ @3

).

@ For a curve E and a point P of infinite order, we define the kth

elliptic Fermat number as follows:

Definition

Fi(E,P) =

€k
€k—1
€o

for k > 1
for k=0

10/31
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An Example: y? = x3 — 4x + 4

E:y?>=x3—4x+4
P=(2,-2)
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An Example: y? = x3 — 4x + 4
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Fo(E,P) =

e

Fi(E,P)

F(E,P) =

1

==
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An Example: y? = x3 — 4x + 4

P (%)
2P = ($.7)
P = ()
6P = (3.5

Fo(E,P) =

Fi(E,P)

e

F(E,P) =

1

==
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An Example: y? = x3 — 4x + 4

P=(3.3%)
2P = (3.7
P~ (53
6P = (5.5

Fo(E,P)=1
Fi(E.P) =1
Fy(E,P)=1
F3(E,P) =2



An Example: y? = x3 — 4x + 4

Elliptic
Fermat
Numbers
. 2 =2
B = |=. - —
g P=(z %) Fo(E. P) =1
Kenney,
Walsh
_ (0 =2 _ 1 _
2P—(ﬁ>?) Fl(EaP)—I_l
VIR 4p o (4, 1) F(E,P)=1=1
Eliptic Fermat —\12> 13 245 1
_ (=7 =19 -2 _
8rd:r N 8P — (22 ) 23 ) F3(E7 ’D) -1 2
C y
R e
27105 4131247
Primality 16P = ( T2 e )
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__ (27105 4131247
16P = ( 762 0 763 )

An Example: y? = x3 — 4x + 4

Fo(E,P) =

Fi(E,P)
F(E,P) =

F3(E, P)

Fia(E,P) =10

1
1=1
1=1
22
2 —38
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An Example: y? = x3 — 4x + 4

8P =

16P =

32P =

%TQ)

(
(

27105 4131247)
762 0 763

58...1

6279495442 6279495443

)

Fo(E,P) =

Fi(E,P)

F(E,P) =

F3(E, P)

Fia(E,P) =10

1=1
1=1
22
2 —38
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An Example: y? = x3 — 4x + 4

P=(2.7?)
2P = (3.7

__ (27105 4131247
16P = ( 762 0 763 )

32P = (s

6270495442 1 6279495443

)

Fo(E, P) =
Fi(E, P) =
Fa(E, P) =
F3(E, P) =

Fa(E,P) =

1
1=1
1=1
22
D =38

Fs(E, P) = 927239544 — 8262494
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We have shown that the following familiar properties hold for
the elliptic Fermat numbers:
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Analogous Fermat Properties

We have shown that the following familiar properties hold for
the elliptic Fermat numbers:

@ Order universality
o Coprimality (with a twist)
@ Recurrence

e Primality (or lack thereof)

13/31



For the kth Fermat number F, = 22 + 1,

14/31



Fermat Order Universality

Elliptic
Fermat
Numbers

Binegar,
Dominick,

P For the kth Fermat number F, = 22 + 1,

Elliptic Curves

Fermat Numbers

N|Fo---Fcand Nt Fo- - Fry

Order P
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Fermat Order Universality

kth elliptic Fermat number Fy(E, P)

— _&k

€k—1

1
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Elliptic Fermat Order Universality
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SNSRI Theorem (BDKRW, 2017)

N | Fo(E,P)---Fi(E, P) and N t Fo(E, P)--- Fi_y(E, P)
=

P has order 2 in E(Z/NZ).
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Elliptic Fermat Order Universality
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) When N = p for some prime p, we have a stronger result:

Sl e Theorem (BDKRW, 2017)

Fermat Numbers

Elliptic Fermat

p| Fi(E.P)

Order é ;
Universality
Coprimality
Recurrence

Primatty P has order 2% in E(Z/pZ).
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Coprimality
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Coprimality

For the classic Fermat numbers, we have the following theorem:

gcd(Fg, Fy) =1 for any k # £.

For the elliptic Fermat numbers, we have the following theorem:

Theorem (BDKRW, 2017)

gcd(Fy(E, P), Fi(E, P)) € {1,2} for any k # ¢.

We derived this result using the duplication formula.
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Recurrence: Classical Fermat Numbers

The classical Fermat numbers can be expressed by several

different recurrence relations:

Fio=(Fx_1—1)%>+1for k>1
FkZFk71+22k_1-Fo--'Fk,2 for k >2
Fi=F2 ;=2 (Fp—2 — 1) for k > 2
Fx=Fo---Fx_1+2for k >2
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Recall that every point 2XP can be written in the form

<mk "")
20 3|
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Recurrence: Elliptic Fermat Numbers

Theorem (BDKRW, 2017)

The following is a recurrence relation for the elliptic Fermat
numbers:

27k —1
Fi(E, P) = —

4 4 3 6 6 3.3 3 2 2
n(E, P) —2amy_ymye; e —bmy ey jep—bmyep jep—2cep qeptmy  qe —3mi  mpel ey
k\Es =

2”1(716?71
4 2 4 6 2.8 8
my _—2bmj ey —8cmy_jep |+bTel | —4ace
2
k

my(E, P) =

=

ex(E,P)=Fo-Fi-Fp-+ Fr_q-Fg

The duplication formula and the algorithm for adding points on
a curve played a large role in determining this relation.

20/31



Calculating 7

Elliptic
Fermat
Numbers

Binegar,
Dominick,
Kenney,

Walsh Theorem (BDKRW, 2017)

The sequence of Ty is eventually periodic.

Elliptic Curves
Fermat Numbers

Elliptic Fermat
Numbers

Order
Universality

Coprimality
Recurrence
Primality

21/31



Calculating 7

Elliptic
Fermat
Numbers

Binegar,
Dominick,
Kenney,

Walsh Theorem (BDKRW, 2017)

The sequence of Ty is eventually periodic.
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Elliptic Fermat
Numbers

Order

Coprmalty Theorem (BDKRW, 2017)
Recurrence
Pzl There is an algorithm to calculate all .
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7-Relation to the discriminant

Definition

Let A = 64a3c + 16a%b? + 288abc — 64b% — 432¢2 be the
discriminant of E.
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7-Relation to the discriminant

Let A = 64a3c + 16a%b? + 288abc — 64b3
discriminant of E.

— 432¢2 be the

V.
Lemma

|A(E
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7-Relation to the discriminant

Let A = 64a3c + 16a%b? + 288abc — 64b3
discriminant of E.

— 432¢2 be the

Lemma
|A(E

| \

Theorem (BDKRW, 2017)

T} |A(E).
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Suppose that p|Ty and p is an odd prime. Then 2X~1P reduces

to a singular point mod p with Y (2K"1P) =0 (mod p)

24/31



Elliptic
Fermat
Numbers

Binegar,
Dominick,
Kenney,
Walsh

Elliptic Curves

Fermat Numbers

Elliptic Fermat
Numbers

Order
Universality
Coprimality
Recurrence
Primality

7-Singular Points

Theorem (BDKRW, 2017)

Suppose that p|Ty and p is an odd prime. Then 2X~1P reduces

to a singular point mod p with Y(25"P) =0 (mod p)

Theorem (BDKRW, 2017)

Let p be an odd prime. Suppose that 2¥~1P and 2XP both
reduce to singular points (mod p). Then p|y.

A\

24/31



Elliptic
Fermat
Numbers

Binegar,
Dominick,
Kenney,
Walsh

Elliptic Curves

Fermat Numbers

Elliptic Fermat
Numbers

Order
Universality

Coprimality
Recurrence
Primality

7-Singular Points

Theorem (BDKRW, 2017)

Suppose that p|Ty and p is an odd prime. Then 2X~1P reduces

to a singular point mod p with Y(25"P) =0 (mod p)

Theorem (BDKRW, 2017)

Let p be an odd prime. Suppose that 2¥~1P and 2XP both
reduce to singular points (mod p). Then p|y.

A\

@ These can be proved using the ideas of divisibility, the
definition of elliptic Fermat numbers, and equations for
the singular points.
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Suppose Fy = 2. Then Fy # 2 for all k > ¢ for some
sufficiently large £.
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Theorem (BDKRW, 2017)

For an elliptic curve E : y*> = x> + ax? + bx, assume the following:

(i) E(Q)= (P, T), where P is a generator and a point of infinite order
of E(Q) and T = (0,0) is a rational point of order 2.

) T is the only integral point.
) gcd(b, mo) = 1.
(iv) || = 2 for all k.
) 21 ek for all k.
)

The equation x* + ax®y® + by* = 1 has no integer solutions where
y ¢ {0,%1}.

Then Fy is composite for all k.
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) gcd(b, mo) = 1.
(iv) || = 2 for all k.
) 21 ek for all k.
)

The equation x* + ax®y® + by* = 1 has no integer solutions where
y ¢ {0,%1}.

Then Fy is composite for all k.

0 2. (2k1p 4+ T)=2kp
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D,?Q‘n';‘gk (i) E(Q) = (P, T), where P is a generator and a point of infinite order

Walsh of E(Q) and T = (0,0) is a rational point of order 2.

(i) T is the only integral point.
v (iil) ged(b, mo) = 1,
Elliptic Fermat
Numbers (iv) || = 2 for all k.
ot (V) 2t e for all k.
Universality
Coprimalit (vi) The equation x* + ax?y® + by* = 1 has no integer solutions where
Recurrence
Primality .y ¢ {07 i1}

Then Fy is composite for all k.

° 2. (2P 4 T)=2kP
e This gives us the ability to utilize both 2<~1P 4+ T and

2k=1pP to construct Fg.
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s e i E is equipped with complex multiplication.

Numbers

i We have a good understanding of the order of E(FF,) for a
Uniersality prime p.

Coprimality

Reounence iii The elliptic Fermat sequence of E at P contains several

Primality

Special Curve Fermat primes and Mersenne primes as factors.
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E:y>=x3—2x

For this particular curve and this sequence we find another
classical Fermat analogue.

Theorem

Let p be a prime dividing the classical Fermat number
Fp =22 + 1, then

p=1 (mod 2~™)

\

Theorem (BDKRW, 2017)
Let p be a prime dividing Fy(E, P), then

p=+1 (mod 2%)
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A partial converse can be made too.

Theorem (BDKRW, 2017)

If p is a Fermat or a Mersenne prime and p # 5,17, then
p | Fk(E, P) for some k € N.
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Both of the previous theorems rely on three crucial points:
i Order universality tells us |P| is a power of 2 modulo p.

ii Lagrange's theorem tells us then that the order must divide
the order of the group.

iii The order of E(F,) has a good formula dependent on p
which leads to nice algebra.
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